This note is about functions f : A ω → B ω whose graph is recognized by a Büchi finite automaton on the product alphabet A × B. These functions are Baire class 2 in the Baire hierarchy of Borel functions and it is decidable whether such fonction are continuous or not. In 1920 W. Sierpinski showed that a function f : R → R is Baire class 1 if and only if both the overgraph and the undergraph of f are F σ . We show that such characterization is also true for functions on infinite words if we replace the real ordering by the lexicographical ordering on B ω . From this we deduce that it is decidable whether such fonction are of Baire class 1 or not. We extend this result to reals functions definable by automata in Pisot base.
Introduction
Very often in computer arithmetic a carry propagates from right to left. In [5, 16] on-line algorithms are proposed to compute arithmetic expressions from left to right. In general, on-the-fly algorithm process data in a serial manner from the most significant to the least significant digit. These algorithms however use several registers, each of them representing a correct prefix of the result, corresponding to an assumed value of the carry. In [5, 16] is presented a theoretical framework which allows to easily obtain on the fly algorithms whenever it is possible. C. Frougny [11] shows that a function is computable on the fly if and only if it is computable by a right subsequential finite state machine. The idea to read from left to right in a right subsequential finite state machine suggests non determinism. Moreover, working on infinite words rather than finite words suggests discontinuity. A natural hierarchy exists on discontinuous Borel functions, the Baire classes of functions. The function f belongs to class 0 if it is continuous. The function f belongs to class 1 if it is the pointwiselimit of a sequence of functions of class 0. The function f belongs to class 2 if it is the pointwiselimit of a sequence of functions of class 1, and so on. The present work concerns functions f : A ω → B ω whose graph is recognized by a Büchi finite automaton on the product alphabet A × B from a topological point of view. Topology and automata on infinite word have been heavily studied. It is easy to see that our functions are of Baire class 2, we prove that we can decide if they are of Baire class 1. We also prove this same result by interpreting these functions in a Pisot base manner. This extend the applicability of our result to the domain of real numbers. Our proof uses an old result of Sierpinski on Baire class 1 functions and decidability results of Landweber. The set of points of continuity of a function f on an infinite word is always a countable intersection of open sets which is dense whenever f is of Baire class 1. We expect that our approach will shed new light on the discussion in the field of on-the-fly algorithms. For this reason we present a detailled study of the Booth canonical recoding on infinite word. This function is an example of a discontinuous first class function.
The paper is organized as follows. First in sections 2, 3, 4 we present some necessary definitions and properties from automata theory and descriptive set theory. In section 5 we prove our decidability result on infinite words. In section 6 we study the Booth canonical recoding. In section 7 we prove our decidability result in the case where our functions define functions on real numbers in Pisot base. In the conclusion we advance our impressions on the asynchronuous case, that is to say the case of functions whose graph is recognized by Büchi automaton which transitions are labeled by couples of words (u, v) ∈ A * × B * instead of couples of letters (a, b) ∈ A × B.
Infinite words on a finite alphabet
We note ω the set of natural numbers. Let A be a finite alphabet and < a linear order on A. All alphabets that we consider will have at least two letters. We denote a the smallest element (first letter) of A and z the greatest element. A finite word u on the alphabet A is a finite sequence of elements of 
The collection (uA 
Automata on infinite words
For all this section, one can see [19] . 
Let us denote by P(Q) the power set of Q. Notice that T can be viewed as a partial function δ : Consider the following logical language : the set V of the variables, its elements noted by x, y, z... , a constant symbol 0 and a unary fonction s (as successor). We define the set of the terms T by :
Let us note
Let P (as parts) another set of variables, this variables are noted X , Y, Z... and two binary predicates =, ∈. The atomic formulae are of the form t = t with (t, t ) ∈ T 2 or t ∈ X with t ∈ T and X ∈ P.
Definition 3.3 A formula of S1S is defined as following :
The interpretation of these formulae is the following : the variables of V are interpreted as natural numbers, the symbol 0 as 0 ∈ ω, the symbol s as the successor function in ω, the variables of P as subsets of ω and the predicates symbols as = and ∈ in ω. If each integer is assimilated to a singleton and each subset of ω to an infinite word on the {0, 1} alphabet, then a S1S formula
Recall the following result : Theorem 3.4 for all ω-language L, the following assertions are equivalent :
We call Rec(A ω ) the family of such languages.
Borel hierarchy
For all this section, one can see [15, 19] . Borel sets of a topological space X are the sets obtained from open sets using complementation and countable unions. When X is metrizable we can define the hierarchy of Borel sets of finite rank :
In particular, we have : Π One can prove that :
This gives us the following picture where any class is contained in every class to the right of it :
The Borel hierarchy is also defined for transfinite levels [15] , but we shall not need them in the present study. For all n ∈ ω the classes Σ 
Remark 1 Note that this result hold for n = 1 if in addition X is separable and either
Denote cont(f ) the set of points of continuity of f . We have the classical following proposition, see [15] :
The following result due to Baire shows that Baire class 1 functions have many continuity points, see [15] : Proof: We give the proof in the case
As f is Baire class n, 
It is easy to see that sets recognizable by Muller automata are ∆ At last, let us recall a result of Landweber [14] :
Let f be definable in S1S, it is easy to see that cont(f ) is still definable in S1S. So by propositions 4.6 and 5.3 cont(f ) is recognizable by a deterministic Büchi automaton. Moreover if it is Baire class 1 then by proposition 4.7 its graph is recognizable by a deterministic Büchi automaton. 
W. Sierpinski [24] has shown that a function f : R → R Proof:
As F σ is closed by countable unions then the overgraph of f is
, we denote by a the minimum and z the maximum of B. We first consider the case where u is not of the form a n or z n . We have :
is F σ as section of the undergraph (respectively overgraph ) of f and this proves the result. In the case where u = a n , the proof is the same with f
Remark 2 Note that the notion of Baire class 1 is purely topological so it is independant of the order on B. So to be F σ for the overgraph and the undergraph is independent of the choice of the order on B.

Theorem 5.6 We can decide if a function
Proof: Fix an order on B. The lexicographical ordering on B ω is definable in S1S. We have:
Then the overgraph and the undergraph of f are definable in S1S. Using proposition 5.3, we can decide if f is Baire class 1.
An example of non continuous Baire class 1 function : the canonical Booth function
In [11] , C. Frougny shows that a function can be computed on-the-fly iff it is a right subsequential function. She gives as example the Booth canonical recoding, see also [18] for applications to multiplication. In this section, we extend the Booth canonical recoding on infinite words, prove that it is a non continuous Baire class 1 function and give its set of continuity points.
We recall the definition of a right subsequential function.
Definition 6.1 A right subsequential machine with input alphabet A and output alphabet B, M = (Q, A × B * , T, i, s) is a directed graph labeled by elements of A × B *
where Q is the set of states, i ∈ Q is the initial state, 
ϕ(0101(01010011011)
If the number of 00 in α is finite we must be careful because a carry can come from the infinity. This case depends of the number of 11 contained in α. If this number is finite : let n be the greatest integer such that α(n − 2)α(n − 1) = 11 (n = 0 if no 11 hold in α) then we can extend ϕ on α by
Example 3 A finite number of 00 and finite number of 11. ϕ((01)
At last, if in α the number of 00 is finite and the number 11 is infinite then a carry come from the infinity and propagate up to the last 00. Let then n be the greatest integer such that α(n − 1)α(n) = 00 (n = 0 if no 00 hold in α). The essential difference with the finite case is that the carry can come from the infinity and this suggest discontinuity. A block of the form 11 launch or propagate the carry and a block the form 00 stop the carry. So have finite or infinite number of such blocks will be important in the study of the regularity of ϕ. Proof: It is easy to see ϕ as the pointwise limit of a sequence of continuous function but it is more interesting to determine the topological complexity of ϕ (u, v) ) {4, 5} = ∅}, I is finite, and :
with |v| = n. The two possibilities for α(n) are : α(n) is a 0 which does not propagate a carry (transition from the state 1 to 1 or 2 to 1) or α(n) is a 1 which propagate a carry (transition from the state 3 to 4, 4 to 5 or 5 to 5). (u, v) ) {3, 4, 5} = ∅}, J and K are finite, and :
with |v| = n. The two possibilities for α(n) are : α(n) is a 0 which stops a carry (transition from the state 1 to 3) or α(n) is a 1 which does not propagate a carry (transition from the state 1 to 2). Let L = {u ∈ {0, 1} * | |u| = n, δ(0, (u, v)) = {1}}, I is finite, and : 
Remark 3 Note that cont(ϕ) is quite a dense G δ set.
Another example of function definable in S1S, Baire class 1 but not continuous, is given by the normalization (example 1) in Pisot numeration systems [12] .
The case of the real numbers
In this section we consider a numeration system for real numbers with Pisot base, i.e, θ is a Pisot number (like the golden mean
and the function µ θ defined by :
Let us recall that µ θ is a continuous surjection on [0, 1]. [10] see also [2] .
C. Frougny proved that
From now on, we consider functions f : A ω → A ω definable in S1S which are consistent with µ θ , i.e., functions f definable in S1S such that there exists F such that the following diagram commutes :
In the case of base k, one can find historical examples of such continuous F in the chapter XIII of S.Eilenberg [4] . In 1890 Giuseppe Peano published an example of a continuous function
which is surjective, the square-filling curve. We have H = (F, G) with
The function F (resp G) can be defined by a consistent function f : 9 ω −→ 3 ω from base 9 to base 3. The function f is realized by a left sequential letter to letter transducer, hence f is definable in S1S. Other examples in the same spirit can be find in the works of Waclaw Sierpinski, Bernard Bolzano, Ludwig Scheeffer, Georg Cantor. The reader interested in history should see the book of A. Edgar [3] and the beautiful article of B. Maurey and J.P. Tacchi [17] about the devil's staircase of Ludwig Scheeffer. One can describe non continuous examples with f definable in S1S and Pisot Basis. For example some historical functions of the analysis like jumps function that we have seen in [17] . For simplify we suppose that we have the same Pisot number in input and output. Note that if f is definable in S1S, and if θ is a Pisot number then one can decide if f is consistent. This can be expressed by a closed S1S formula and S1S is decidable [1] . For more details, we refer the reader to [2] .
As f is Baire class 2, the topological complexity of such F is Baire class 2. To see this we can use the following theorem of Saint Raymond [15, 22] . Our aim is to extend the results of decidability to the function F . C. Choffrut, H. Pelibossian and P. Simonnet [2] have shown that the continuity of the function F is decidable with an algorithmic proof. We give a topological proof of this result and then show that we can also decide if F is Baire class 1. 
Then we can decide if F is continuous.
Proof: The function F is continuous iff its graph is closed. So let us prove that we can decide if Graph(F ) is closed. Let µ be defined by : 
The set H is recognizable by automaton so by proposition 5.3 we can decide if F is continuous. 
Then we can decide if F is Baire class one.
Proof: For the proof we use an old result of W. Sierpinski : a function F : R −→ R is Baire class 1 iff its overgraph and its undergraph are F σ [24] .
As θ is a Pisot number and f definable in S1S, H is definable in S1S.
By the same argument as in proposition 7.3, it is easy to verify that G ↑ (F ) is F σ iff H is F σ . To see this note that as µ is surjective
As H is recognizable by automaton, by proposition 5.3 we can decide if F is Baire class 1.
Conclusion
Let us talk about the asynchronuous case. An ω-rational relation is a relation whose graph is recognized by a Büchi automaton, and for which transitions are labeled by couples of words (u, v) ∈ A * × B * instead of couples of letters (a, b) ∈ A × B. They were first studied by F. Gire and M. Nivat, see [9, 6, 7] . Françoise Gire has shown that the problem of functionality is decidable for an ω-rational relation. Recall that a set is analytic ( Σ 1 1 in the notation of Addison see [15] ) if it is the continuous image of a Borel set. It is well known that Borel sets are analytics sets but that there exist analytics sets which are not Borel [15] . It is easy to see that ω-rational relations are analytic sets. Recently O. Finkel has shown that there exist an ω-rational relation which is not Borel [6] . From this he deduces many undecidability results [7] . It is easy to see that an ω-rational function is of Baire class 2. Recently, C. Prieur [20, 21] has generalized the decidability of continuity to the ω-rational functions. Moreover the overgraph (resp. undergraph) of an ω-rational function is an ω-rational relation. Unfortunately O. Finkel has shown the following theorem: the problem of knowing if an ω-rational relation is Σ 0 i (resp. Π 0 i ) for i = 1 and 2 is undecidable [7] . In addition, from O. Carton (personal communication) we have the following result: the problem of knowing if an ω-rational function is totally discontinuous is undecidable. So we think that Baire class 1 is undecidable for the ω-rational functions.
For ending we come back on finite word. The following theorem of Elgot Mezei [23] is well known: a rational relation which is a graph of a function f with f ( ) = is the composition of a left sequential function and a right sequential function. On infinite words the left part gives continuity, but the right part gives function of Baire class 2. We think that there exists a right subsequential function such that its on-the-fly extension on infinite words is not Baire class 1. Can we interpret points of continuity, as points that need only one register in an on the fly algorithm ? Finally note that the Booth canonical recoding is an ω-rational relation with bounded delay, and all ω-rational relation with bounded delay can be synchronized [9] , this is what we have done.
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